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A method is p roposed  for  calculat ing the t e m p e r a t u r e  in the two-phase  s y s t e m  consis t ing of 
a volati le liquid through which a gas is being bubbled. Some resu l t s  a re  given for  t h e w a t e r -  
a i r  s y s t e m .  

Bubbling, or  the passage  of a gas through a liquid, is widely used in hea t -  and m a s s - t r a n s f e r  p r o -  
c e s s e s  in many  branches  of industry  ( the 'chemical ,  pe t rochemica l ,  and food indust r ies ,  for  example) .  
When a gas  is injected into a liquid, the liquid evapora tes  within the gas  bubbles and is consequently cooled. 
This  method is convenient  for  use e.g.,  in cooling liquid hydrogen and liquid oxygen. As the bubbles r i se  
through the liquid, s u r f ace - ac t i ve  subs tances  a re  adsorbed at the g a s - l i q u i d  in ter face  and then c a r r i e d  to 
the liquid su r face .  Bubbling devices  could thus be used instead of expensive cooling towers  to cool and 
pur i fy  waste  wate r .  S imi la r  p r o c e s s e s  a re  involved in ar t i f ic ia l  hea r t s  and lungs, in which blood is s a tu -  
ra ted  with oxygen. The m a s s -  and h e a t - t r a n s f e r  p r o c e s s e s  accompanying bubbling are  thus of cons iderable  
in te res t .  

We cons ider  a s y s t e m  (Fig. 1) consis t ing of a liquid and a gas moving in a ve r t i ca l  ve s se l  which is 
subjected to an externa l  heat  flux. We are  to de te rmine  the t e m p e r a t u r e  of the liquid leaving the ves se l .  
The gas bubbles fo rmed at the nozzles  move at veloci t ies  U~ ~ 25 c m / s e c  with r e spec t  to the liquid [1-3]; 
the bubbles r each  these s t eady - s t a t e  veloci t ies  af ter  a t ime  t 1 ~ 10 -5 see  [2]. We thus know the t ime t 2 the 
bubble spends in the v e s s e l  if we know the liquid level and the liquid flow ra te ;  in typical  devices  this t ime 
is o rde r s  of magnitude l a r g e r  than tl. Heat and m a s s  t r a n s f e r  between a single gas bubble and a l iquid 
have been studied previously ,  e.g.,  in [1, 4, 5]. The cha rac t e r i s t i c  t ime t 3 for  these p r o c e s s e s  in the 
case  of volat i le  liquids is some 10-3-10 -2 see ,  which is again o rde r s  of magnitude s m a l l e r  than the typical  
va lues  of t 2. It follows f rom these compar i sons  that in es t imat ing  the eff iciency of the cooling s y s t e m  we 
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Fig. 1. D i a g r a m  of the cooling p r o c e s s .  1) Inlet 
for  the liquid, component  A, and the gas  dissolved 
in it, component  B, at m o l a r  flow ra tes  of flAi and 
f i~,enthalpies  h~i  and h~ i  , r e spec t ive ly ;  2) inlet 
for  the gas,  component  B, and the vapor  of compo-  
nent A c a r r i e d  with it, at m o l a r  flow ra tes  of la B 
and n~.. and enthalpies h~i  and h~ i ,  r espec t ive ly ;  

/-kl 
3) gas  of composi t ion  X ; 4) liquid of composi t ion 
X ' ;  5) d ra in  for  liquid A and the gas  ]3 dissolved in 
it; 6) d ra in  for  gas  ]3 and the vapor  A c a r r i e d  with 
it; 7) ex terna l  heat flux qa. 
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can begin f r o m  the assumpt ion  that a the rmodynamic  phase  equi l ibr ium is reached instantaneously;  i.e., we 
can a s s u m e  that each p a r a m e t e r  involved in the p r o c e s s  has the s ame  value at all  points in the working 
volume.  

We also a s s um e  that  the liquid and gas  flow r a t e s  a re  constant  and that the eooling is i sobar ie  and 
r e v e r s i b l e ;  We expect  t e m p e r a t u r e  changes over  n a r r o w  ranges  (some tens of degrees) ,  so that the speeif ic  
heats  of the components  as well as the latent  heats  of vapor iza t ion  and dissolut ion (of the gas in the liquid} 
a re  constant ,  independent of the t e m p e r a t u r e ;  and we a s sume  the ex te rna l  heat  flux qa (Fig. 1) to be con-  
s tant  and specif ied.  Some inves t iga tors  (e.g., Bykov [6]) emphas ize  that the gas  bubbles cause  extensive  
mixing of the liquid as they r i s e ;  the ex te rna l  heat  flux is thus essen t ia l ly  equivalent  to a se t  of heat  sou rces  
d is t r ibuted  un i formly  throughout the liquid. 

The  continuity equations for  the two components  a re  

h~ = G ~ -  G, (1) 

G = & -  G .  (2) 

F o r  an i sobar ic  p r o c e s s  the f i r s t  law of t he rmodynamics  yields  

qA -+- qB = qA, + q~ + q~z - -  qA - -  qB @ G" (3) 

We rewr i t e  this equation in p a r a m e t r i c  form,  

T 1 ~ p -  = ~ -  PI q - B - . - J - - H  ns i F 1 

and then in d imens ion less  fo rm.  

/~ "A 
' P~ ,! P ! /z.s 

(4) 
7,B i , " I ) CA t~Ai 

"where | = T - - T B / T A - - T  B is the d imens ion les s  t e m p e r a t u r e ,  T A and T B a re  the sa tura t ion  t e m p e r a t u r e s  
for  components  A and B, and we use  the groups of p a r a m e t e r s  

%,. CA iG hs~ 
1 9 =  . : G = " I = - - ;  B - - -  ; 

H B C"B ' hfqA hfqA 

h,:~A 1 ( hr. ~ ] T.  
q) - -  CA ; ,4 T A - T B  \,--~A ];  A1--  T A - - T B  ; 

1 G E =  
T A - -  T .  C'A i~A~ 

In Eq.  (5), which is our bas le  equation for  caleulat ing the p r o p e r t i e s  of the cooling p roce s s ,  we a s -  
sume  that we know the initial values  of I, B, P, G, F, J, H, and E .  We mus t  keep in mind that the ra t ios  
of the vapor  flow ra te  ny% and the gas flow ra te  fi~ out of the ve s se l  to the gas  flow ra te  at the inlet, flI~, 
a r e  functions of the t e m p e r a t u r e .  The pa r t i cu l a r  functional dependences are  governed by the x '  = gol(T) 
and x" = gP2(T) phase -equ i l i b r ium curves ,  which we a s sume  to be known. 

- f~ (o), (6) 

- f~ (e), (7) 

(8) 

Pa is the ex te rna l  p r e s s u r e  and x '  is the mole  f r a c -  

We introduce the notation 

n ~ - X ' -  1 - - x '  
tl' A X '  

/ ~ B -  X " - -  1 - - x "  
,<'~ x" 

where  the mole  f rac t ion  of component  A in the gas  phase  is 

x~' = -P- s ,  
Pa 

Ps is the sa tu ra t ion  vapor  p r e s s u r e  of component  A, 
tion of component  A in the liquid phase .  
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Fig. 2, Typical  phase-equi l ibr ium 
d iagram for  components A and B. 
1) Boiling curve;  2) condensation; 3) 
line used to approximate the boiling 
curve,  x'  = I - e ( 1 - |  4) line used 
to approximate the condensation 
curve,  x~ = 0 .  He re  x'  is the mole 
f rac t ion of component A in the liquid 
phase,  and x" is the same in the gas 
phase.  

If the cooling is slight, i .e. ,  

Differentiating (6) and (7) with respec t  to the t ime and 
using (2), we find 

n~ x '  h~ hA X ' +  ~ -  = I; (9) 
� 9  t7, B n B 

i~,~ 1 X" n"B 
- - -  .(lo) 

hl x" x" '  h~ 
We assumed above that the phase equil ibrium is reached essen-  
t ially instantaneously, so that there  is no subsequent exchange 
of mass  between the r is ing bubbles and the surrounding liquid: 
k,= k .  = O. 

The gas in the liquid reduces  the overal l  specific heat of 
the sys tem;  using the equation at the end of the previous pa ra -  
graph along with Eq. (1), we find f rom (9) and (10) that 

l~ X ' 
. - - - -  = I - s  + - - ,  (11) 

tZ B X" 

,,.~ "I X'  X '  
. .  p - -  - -  ( 1 2 )  

n B X" X" X"" " 

Substituting (11) and (12) into (5) and solving the resul t ing equa- 
tion, we find the t empera tu res  of the liquid and the gas in the 
vesse l .  

if the t empera tu re  change of the liquid is slight (some tens of degrees) ,  
we can replace  this pa r t  of the phase-equi l ibr ium curve by a s traight  line segment.  In par t icular ,  nea r  
the sa tura t ion point T = T A (Fig. 2) we could wri te  

x" = (9, (13) 

x' = i - - e ( 1 - - |  (14) 

where s = (OxV/O| is the slope of the boi l ing curve. Substituting (13) and (14) into (11) and (12) and then 
substituting the resu l t  into (5), we find an equation for  O. 

a,O 3 + al(') "~ -~,- a,.O -~- a~ = 0, (15) 

where  

a o = e  1 + 

' h =  1 + - ~ -  [1--  e (2 - -  A~)] --  - 7  e ( 2 - : P ) - I - - ~ -  

�9 ) a. z = (  1 -I- l .4 [1- -~(1  2-P)] PG [A1 --  1 -[- e (1 - -  2A1)I ~ -  

_-e'F~_Ap ( 1 - 1 - 2 P ) - ! - ( 2 e - - 1 ) I ~ - ( P I - I - - B - ! - J - : - H ) - ~ -  El; 
, , o ~  ) p G ,  ( l - - e )  A 1-! [__Ap (PI-B-'- .  J .-!-H) -fE] (I - -  a,. 

J -i.- H) - ! -El  ; 

(16) 

(17) 

(18) 

(19) 

If, in this case  of slight cooling, the initial liquid t empera tu re  di f fers  significantly f rom the sa tura t ion 
tempera ture ,  then the l inear  approximation of the phase-equi l ibr ium curve leads to an equation for | which 
is of the same fo rm as (15), except that Eqs .  (13) and (14) and thus the equations for  the coefficients a0, 
al, a2, and a s are  slightly different .  

In the par t icu la r  case  in which the gas is insoluble in the liquid or the latent heat of dissolution is 
negligible in compar ison with the latent heat of vaporization,  we would have F = 0; then instead of E q. 05) 
we would have the following equation for  | 

alO 2 + a.,_O + a3 = O, (20) 
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Fig. 3. Water  tempera ture  as a function of the relative air  flow 
ra te .  1) TAi = 99~ 2) 90; 3) 80; 4) 50; 5) 20. The solid curves  
are  for  TBi = 20~ and the dashed curves  are  for T]3 i = 400~ 

Fig. 4. Cri t ical  value of the pa r ame te r  B as a function of the 
relat ive enthalpy of the liquid at the inlet for the wa te r - - a i r  s y s -  
tem.  

where the coefficients are  found f rom (16) - (19) for  ~ = 0. The solution of (20) is 

@ = - -  a~- -  ] / a ~ - -  4ala~ (21) 
2a 1 

The sign of the radical  was chosen on the basis of physical  considerat ions .  For  example, with a ze ro  gas 
flow rate  and zero  external  heat flux, the value of | should remain  equal to its initial value | as it does 
if we choose the minus sign; the plus sign cor responds  to | = 1, which cannot hold. 

Let us examine solution (21). Depending on the rat io of the liquid and gas enthalpies at the inlet, the 
liquid can be ei ther  cooled or  heated. It is c lear  f rom physical  considerat ions that the rat io of the compo-  
nent flow rates  should not determine whether it is cooling or  heating which occurs ,  so in determining the 
dependence of the degree of cooling on the pa rame te r  1 / P  we assume that the heat added to the sys tem by 
the gas is negligible; i.e., we set  I = (| +A1)/A, 1 /G  = 0 and B = 0 in E qs. (16)-(19). Then f rom (21) we 
find 

1 --(% ~ ( J - -  1) 1 + @ i - : -  ~ - ( J - ~ l )  
' P A (22) 

0 =  2 - 4 - -  (9i - - - P  - J" 

We see f rom this equation that as the gas flow rate is increased,  i.e., as 1 / P  increases  under otherwise 
fixed conditions, the value of | dec reases .  If the gas and liquid t empera tu res  at the inlet are the same, 
we can substitute the pa r ame te r  J into E q. (22) in the form 

ff)i (hA~ -~- hfgA ) 
J =  

(1 -- (-)i) hfgA 

We thus find that if the gas is a l ready saturated vapor  at the inlet there is no change in the tempera ture  of 
the liquid; i.e., | = | Obviously, we want to m i n i m ~ e  J (maximize the initial d ryness  of the gas).  If 
these t empera tu res  are approximately equal to each other and to the saturat ion tempera ture  of the liquid, 
then the injected bubbles turn out to be centers  of vapor formation.  Under such conditions the cooling is 
mos t  efficient (a formal  analysis  of (22) shows that | should tend toward zero,  but the liquid can be near  
the saturat ion tempera ture  only if heat is continuously supplied f rom without). The cooling is of course  
intensified as the latent heat of vaporizat ion inc reases :  as A --* ~, the dimensionless  t empera ture  | tends 
toward zero .  

1363 



We are  pa r t i cu l a r ly  in te res ted  in de termining  the initial values  o f  the p a r a m e t e r s  cor responding  to 
the mos t  efficient  cooling. We can eualuate this eff ic iency on the bas is  of the degree  of cooling, i .e. ,  the 
d i f ference  between the init ial  and final values  of O: 

0 , - - I - -  ,4_(j q_l) 
.U -~ 1) 

2 ' 2 2P P 
A 

[1 -i- (0~--1) (1 § j)] 
P 

- - - - l - - @ , : .  A . ( j + I ) _ ~  / [ 1--(9~ A ]2 A (23) 
2 ~--~- l /  2 2P (J + 1) T p 

We conclude f rom this l a t t e r  equation that the cooling (Oi-O)  becomes  m o r e  pronounced as the t e m p e r a t u r e  
of the liquid at the inlet  r i s e s .  Accordingly,  the m a x i m u m  t empera tu r e  drop for  a fixed ra t io  of flow ra tes ,  
l / P ,  is reached when the liquid is nea r  the sa tura t ion  t e m p e r a t u r e .  

The p a r a m e t e r  ]3 is a m e a s u r e  of the enthalpy of the gas at the inlet; when B is large,  the liquid be-  
comes  heated, s ince the amount of heat  added by the gas  is l a r g e r  than the amount of heat  expanded on 
vapor iza t ion .  The c r i t i ca l  (in this sense)  va lues  ]3cr = ]3(I) a re  governed by 

(9 i O - 0. (24) 

F r o m  this equation, which s ta tes  that the t e m p e r a t u r e  of the liquid at the dra in  does not d i f fer  f r o m  the ini-  
t ial  t e m p e r a t u r e  of the liquid, we find an equation for  the c r i t i ca l  values  of B: 

I tA - -  A~ (25~ 
Bcr - -  O I - - ( I A  A1) 

It should be noted that the p a r a m e t e r  I v a r i e s  in propor t ion  to the d imens ion less  t e m p e r a t u r e  (it is a l inear  
function of this t empera tu re ) .  

The  p a r a m e t e r  G is equal to the ra t io  of the m o l a r  specif ic heat  of the liquid to that of the gas;  for  
mos t  gases  and liquids the specif ic  heats  a r e  weak functions of the t e m p e r a t u r e .  In our p rob lem they a re  
de te rmined  f rom the initial  t e m p e r a t u r e s .  Clear ly ,  if the gas which is injected is cooler  than the liquid, 
it would be p re fe rab le  to use  a gas having a la rge  specif ic  heat;  in the opposite case ,  a gas having a sma l l  
speci f ic  heat  should be used.  

In general ,  the dissolut ion of the gas in the liquid is accompanied by the evolution of heat,  so that the 
cooling will be l ess  pronounced if the gas  has  a re la t ive ly  low solubil i ty.  This  point should be ca re fu l ly  
cons idered  in cryogenic  applicat ions of this cooling method. For  example ,  gaseous hel ium (not gaseous  
ni t rogen,  which is m o r e  soluble) should be used  to cool liquid oxygen or liquid hydrogen by bubbling. 

It is a lso in te res t ing  to note how the degree  of cooling depends on the shape of the phase -equ i l ib r ium 
curve .  Where we can use  the l Inear  approximat ion  of this curve and where we can neglect  the effects  
of the absolute values  of the sa tu ra t ion  t e m p e r a t u r e s  of the components,  this dependence is cha rac t e r i zed  
by the slope of the curve,  k = (aTs /aX")  p, where T s is the sa tura t ion  t e m p e r a t u r e  for  the given value of x" .  
To  wri te  the degree  of cooling, AT = T i - T  , as a function of k, we set  E = B = J = H = F = 0 in (5) and write 
the solution of this equation as 

[ 1 T B - "  T~- } - k  ' PC~ 1 /  T B - - r ~ - ~ - k  7 - ~  . , PC--~-- " (26) 
AT = T i 2 := 2 

It follows that as k increases (k --~ ~) AT -- T i and T --~ 0; i.e~. a pronounced cooling is achieved through 
the use of liquids having relatively steep phase-equilibrium diagrams. As the saturation temperature in- 
creases, the degree of cooling becomes larger and larger, approaching a maximum as the critical state is 

approached. 

If the cooling of the liquid is ve ry  pronounced, it is be t te r  to reproduce  large pa r t s  of, or  even the 
ent i re ,  equi l ibr ium curve  in a common  analytic form.  The basic  difficulty involved he re  is that the gas  
sa tu ra t ion  t e m p e r a t u r e  can be found f r o m  the avai lable exper imenta l  data  only approximate ly ,  by e x t r a -  
polating the curve  to the poInt at which the amount of vapor  of the liquid in the gas is a s sumed  to vanish.  
In par t i cu la r ,  for  the w a t e r - a i r s y s t e m t h i s  s ta te  co r responds  to a t e m p e r a t u r e  T]3 -----60~ Then the 
equi l ibr ium curve  is desc r ibed  by 
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x" -- (_)3. (27) 

This  dependence gives a good desc r ip t ion  of the phase  equi l ibr ium for  any ex te rna l  p r e s s u r e .  Using (27) 
and neglect ing the quanti t ies ~ and F (air  d i s so lves  poor ly  in wa te r  and has a low latent  heat  of dissolution),  
we find the following equat ion for  the t e m p e r a t u r e  of the w a t e r - a i r s y s t e m :  

a10 ~ = a2~ 5 - a l O  - a~ -- 0, (28) 

where  the coeff ic ients  al, a2, anda  3 a re  again found f r o m  (16)-(19). F igure  3 shows a solution found nu- 
m e r i c a l l y  for  Eq. (28); as 1 / P  i n c r e a s e s ,  the t e m p e r a t u r e  d e c r e a s e s .  The re  is evident ly  a value of I such 
that the final t e m p e r a t u r e  of the liquid is h igher  than its initial  t e m p e r a t u r e .  The cooling is m o r e  intense 
at low ra t ios  of the gas  flow ra te  to the liquid flow ra te  than at la rge  values  of this ra t io .  If the object  of 
the p r o c e s s  is not so much to achieve a la rge  t e m p e r a t u r e  drop as it is to r emove  heat  at a high liquid flow 
ra te ,  or  at a large throughput, it is bes t  to use smal l  va lues  of the p a r a m e t e r  1 / P .  The refined data con-  
f i r m  the quali tat ive conclusion reached  on the bas i s  of the s impl i f ied  equi l ibr ium curve .  For  example ,  for  
given va lues  of 1 / P  and B, the cooling becomes  m o r e  pronounced as  the t e m p e r a t u r e  of the liquid at the in- 
let  i n c r e a s e s .  

Numer ica l  methods have led to quite accura te  calcula t ions  of the theore t ica l  values  of Bcr .  To de-  
t e r m i n e  them, we rep lace  | in (28) by | we then find (25). F igure  4 shows the Bc r  = B e r  (I) dependence.  
As expected,  at values  of I co r responding  to the sa tura t ion  t empe ra tu r e ,  the final t e m p e r a t u r e  of the liquid 
d i f fe rs  l i t t le f r o m  its initial  t e m p e r a t u r e ,  even if the t e m p e r a t u r e  of the g a s  at the inlet  is ve ry  high. 

This  method for  calculat ing the t e m p e r a t u r e  in cooling s y s t e m s  based on bubbling can be extended to 
any p a i r s  of components  and to m i x t u r e s .  

n 

/1 
q 
T 
C 
h 

hfgA 
hfgB 
X 
X 

p 
= (ax ' /O 0)p 

k = (aT s /aXn)p  

S u b s c r i p t s  

a is the 
A is the 
B is the 
i is the 
s is the 
, is the 
, is the 

N O T A T I O N  

is the num ber  of mo le s  of the given component,  k_moles; 
is the m o l a r  flow ra te ,  k m o l e s / s e c ;  
is the heat  supplied pe r  unit t ime to the sys t em,  k J / s e c ;  
is the t empe ra tu r e ,  ~ 
is the pa r t i a l  m o l a r  speci f ic  heat,  k J / ( k m o l e  .deg); 
is the pa r t i a l  m o l a r  enthalpy, k J / k m o l e ;  
is the pa r t i a l  m o l a r  latent heat  of vapor iza t ion,  k J / k m o l e ;  
~s the pa r t i a l  m o l a r  latent heat  of dissolut ion,  k J / k m o l e ;  
is the ra t io  of mole  f rac t ions ;  
is the mole f rac t ion  of component  A; 
is the p r e s s u r e ,  N/mZ;  
is the slope of the boiling curve;  
is the slope of the condensat ion curve .  

sur rounding medium;  
component  A; 
component  B ; 
inlet condit ions;  
sa tu ra t ion  line; 
gas  phase;  
liquid phase .  
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